The problem of constructing a rational adapted frame (f1(ξ), f2(ξ), f3(ξ)) that interpolates a discrete set of orientations at specified nodes along a given spatial Pythagorean-hodograph (PH) curve r(ξ) is addressed. PH curves are the only polynomial space curves that admit rational adapted frames, and the Euler-Rodrigues frame (ERF) is a fundamental instance of such frames. The ERF can be transformed into other rational adapted frame by applying a rationally-parametrized rotation to the normal-plane vectors. When orientation and angular velocity data at curve end points are given, a Hermite frame interpolant can be constructed using a complex quadratic polynomial that parametrizes the normal-plane rotation, by an extension of the method recently introduced to construct a rational minimal twist frame (MTF). To construct a rational adapted spline frame, a representation that resolves potential ambiguities in the orientation data is introduced. Based on this representation, a C 1 rational adapted spline frame is constructed through local Hermite interpolation on each segment, using angular velocities estimated from a cubic spline that interpolates the frame phase angle relative to the ERF. To construct a C 2 rational adapted spline frame, which ensures continuity of the angular acceleration, a complex-valued cubic spline is used to directly interpolate the complex exponentials of the phase angles at the nodal points.
and C 2 interpolation of orientation data along spatial Pythagorean-hodograph curves using rational adapted spline frames 1 Introduction parametrized rotation to the two ERF normal plane vectors. Such rotations are defined by a pair of real polynomials, or equivalently a single complex-valued polynomial, whose coefficients can be used to make the new frame satisfy given constraints on its orientation, angular velocity, and angular acceleration. This method has been used [10] to construct a rational minimal twist frame (MTF) along a given curve, i.e., an adapted frame that satisfies prescribed initial/final orientations without any unnecessary twist between them. As a special type of MTF, one may consider frames with a constant angular velocity. However, such frames do not admit a rational parameterization, even for PH curves. A rational MTF can be constructed by controlling the angular velocity using a rational rotation of the ERF.
This capability is exploited in the present study to construct rational spline frames on pre-defined PH curves with given orientations at a sequence of nodal points, and C 1 or C 2 continuity of the frame orientation at those points. The method is based on defining a complex-valued piecewise-polynomial function that specifies the frame rotation relative the ERF. For a C 1 spline frame, a local Hermite interpolation scheme between successive nodes is developed by estimating nodal angular velocities from the given orientation data. To achieve C 2 continuity, more degrees of freedom are needed, and we employ a complexvalued cubic spline function to define the frame rotation relative to the ERF.
The remainder of this paper is organized as follows. Section 2 reviews some basic properties of PH curves, and various rational adapted frames defined on them -including the Euler-Rodrigues frame, rotation-minimizing frame, and minimal-twist frame. A Hermite interpolation scheme for a rational adapted frame with prescribed initial/final orientations and angular velocities is then developed in Section 3. This scheme is then generalized in Section 4 to develop algorithms for rational adapted spline frames that match a sequence of specified orientations at given curve points with C 1 or C 2 continuity, and a number of computed examples are presented to illustrate the results of these algorithms. Finally, Section 5 summarizes the key results of the present study.
Rational adapted frames on PH curves
The variation of a right-handed orthonormal frame (f 1 (ξ), f 2 (ξ), f 3 (ξ)) along a space curve r(ξ) is characterized by its angular velocity ω through the relations
where dots denote derivatives 1 with respect to arc length s. The angular velocity ω can be expressed in terms of the frame (f 1 , f 2 , f 3 ) itself as
with components defined by
A spatial PH curve r(ξ) may be generated [3] from a quaternion polynomial
by integrating the hodograph
where
. This curve has the polynomial parametric speed
Any spatial PH curve admits an adapted frame (e 1 , e 2 , e 3 ) known [2] as the Euler-Rodrigues frame (ERF), defined by the expressions
Since the denominator in these expressions is the polynomial parametric speed (3), the ERF is a rational frame in which e 1 is the curve tangent while e 2 , e 3 span the normal plane. The ERF angular velocity may be expressed as
with components defined [5] by
The ERF (e 1 , e 2 , e 3 ) can be used to generate other rational adapted frames (f 1 , f 2 , f 3 ) by taking f 1 = e 1 and specifying f 2 , f 3 through a rational normal-plane rotation of e 2 , e 3 of the form
for relatively prime polynomials a(ξ), b(ξ). This amounts to obtaining f 2 , f 3 from e 2 , e 3 by a normal-plane rotation through the phase angle defined by
such that
.
The variation of the rational frame (f 1 , f 2 , f 3 ) consists of the variation of the ERF (e 1 , e 2 , e 3 ) and the variation of the rotation angle θ(ξ).
If Ω is the angular velocity vector of the frame (f 1 , f 2 , f 3 ) expressed in terms of the ERF (e 1 , e 2 , e 3 ) as
its components are
The rotation-minimizing frame (RMF) is an important adapted frame (t, u, v) consisting of the curve tangent t and normal-plane vectors u, v that exhibit no rotation about t -i.e., the angular velocity component ω 1 in (1) vanishes identically, so that ω for RMF has the form
The identification of spatial PH curves that admit rational RMFs is equivalent to identifying conditions for the existence of polynomials a(ξ), b(ξ) such that ω 1 (ξ)+θ (ξ)/σ(ξ) ≡ 0. This condition has been thoroughly analyzed in previous studies [4, 6, 11, 12] and it transpires that the lowest-order non-trivial solutions form a subset of the spatial PH quintics. In the present context, we emphasize that the construction of RMFs is an initial value problem -for a given space curve r(ξ), ξ ∈ [ 0, 1 ] it is impossible to prescribe both initial and final instances t(0), u(0), v(0)) and t(1), u(1), v(1)) of an RMF. Motivated by this observation, the notion of a minimal twist frame (MTF) was recently introduced in [10] . An MTF is an adapted orthonormal frame f 1 (ξ), f 2 (ξ), f 3 (ξ)) defined along a given space curve r(ξ), ξ ∈ [ 0, 1 ] matching prescribed initial and final instances (f 1 (0), f 2 (0), f 3 (0)) and (f 1 (1), f 2 (1), f 3 (1)) with the minimum amount of rotation of the normal plane vectors f 2 (ξ), f 3 (ξ) about the tangent f 1 (ξ) consistent with these boundary conditions. If Ω = Ω 1 f 1 + Ω 2 f 2 + Ω 3 f 3 is the angular velocity of an adapted frame (f 1 , f 2 , f 3 ) with prescribed initial/final instances, the minimal twist property is characterized by two conditions: (i) Ω 1 does not change sign on ξ ∈ (0, 1), and (ii) it achieves the least possible absolute value for the twist integral, defined by
where S is the total arc length of r(ξ). When the initial/final orientations of the frame are specified, the twist value should be the difference in the orientation of the frame normal-plane vectors, relative to RMF normal-plane vectors, between the final and initial instances. Thus, all possible values for the twist are equal to the minimal twist plus an integer multiple of 2π. Hence, condition (ii) specifies the frame twist value, while condition (i) avoids cancellation of clockwise and anti-clockwise rotation in the normal plane.
An ideal instance is the constant angular velocity MTF, characterized by the condition
where T min is the least possible twist for prescribed end frames on a given curve. Although the constant angular velocity MTF admits a closed-form expression, it incurs transcendental functions. As an alternative, a rational MTF satisfying the constraints Ω 1 (0) = Ω 1 (1) = Ω 1 was proposed in [10] -this frame can be constructed from the ERF by applying the rational rotation (5) with quadratic polynomials a(ξ) and b(ξ), and furnishes one free parameter that can be used to minimize the mean square deviation of Ω 1 (ξ) from Ω 1 .
Hermite interpolation for rational frames
The problem of Hermite interpolation for rational adapted frames defined on a spatial PH curve consists of specifying initial/final orientations of the normalplane vectors, and derivatives of their orientation. In an earlier study [10] , we developed an algorithm to construct a rational MTF by solving a Hermite interpolation problem with given initial/final frame orientations and angular velocity data, assigned to be the mean angular velocity. We apply here a similar method to construct Hermite interpolants for general prescribed angular velocities. For convenience, we recall a few important notations and equations from [10] .
Let r(ξ) be a spatial PH curve with ERF (e 1 (ξ), e 2 (ξ), e 3 (ξ)). The goal is to construct a rational adapted frame (f 1 (ξ), f 2 (ξ), f 3 (ξ)) of the form (5) on r(ξ)) that satisfies C 1 boundary constraints, i.e., prescribed initial/final orientations and angular velocities. Combining the real polynomials a(ξ), b(ξ) into a complex polynomial w(ξ) = a(ξ) + i b(ξ), the angular function (6) satisfies
and its derivative can be expressed as
Let the initial and final frame instances be specified as
6 where f 1 (0) and f 1 (1) coincide with the initial and final tangents of r(ξ), and the orientations of f 2 (0), f 3 (0) and f 2 (1), f 3 (1) relative to the ERF vectors e 2 (0), e 3 (0) and e 2 (1), e 3 (1) are defined by given initial/final values θ(0), θ(1) ∈ (−π, π] of the angle function (6) through equation (5). Similarly, the end-point tangential components of the frame angular velocity Ω 1 (ξ) are assigned given values Ω 1 (0) and Ω 1 (1).
As noted in [10] a quadratic polynomial, expressed in Bernstein form as
provides the minimum necessary flexibility to achieve a frame (f 1 (ξ), f 2 (ξ), f 3 (ξ)) satisfying the C 1 boundary conditions. Furthermore, since the angular function (6) remains unchanged on multiplying w(ξ) by any non-zero complex constant, we may henceforth assume that |w(0)| = |w 0 | = 1 without loss of generality.
The initial/final frame orientation constraints are satisfied by choosing
where γ is a free (non-zero) real parameter. To match the prescribed end-point tangential angular velocities (10), we introduce the quantities
and one can then verify that the choice
, where ∆θ = θ 1 − θ 0 , yields the desired initial/final values (10) of Ω 1 (ξ).
The interpolants to the specified data (9) and (10) comprise a one-parameter family, dependent on the free variable γ. This variable can, in principle, be used to further optimize the frame variation 2 but it does not affect satisfaction of the boundary conditions. In the present study, to avoid further complicating the problem, we henceforth choose γ = 1 so that |w 2 | = |w 0 |. Example 1. Consider the spatial PH quintic r(ξ) generated by the quadratic quaternion polynomial The ERF of this PH curve is shown in Figure 1(a) , and the angular velocity ω 1 and the cumulative twist are plotted in Figure 1(b) . The values of the angular velocity at the end points are ω 1 (0) = −1.3052 and ω 1 (1) = −0.1374; the total ERF twist is T ERF ≈ −2.4115.
We use this example to illustrate the dependence of the interpolant on the frame orientations at the end points. To clarify this dependence, we set all the boundary values except θ 1 to be zero, i.e.,
Thus, the frames have the same orientation as the ERF at the start point, and exhibit no instantaneous rotation about the curve tangent at both end points. We compare solutions with the final angles θ 1 = Example 2. We present a few more rational frame examples satisfying various Hermite data to illustrate the effect of the C 1 boundary conditions. The three rational frames in Figure 3 have the same end orientations
The end orientations are fixed so that the initial frame agrees with the ERF, and the total twist is zero. Figures 3(a)-(c) show the resulting frame variations, while Figures 3(d)-(f) show the behavior of the angular velocity components Ω 1 as solid lines and the cumulative twist T as dashed lines. 
Rational adapted spline frames
We now extend the end-point Hermite interpolation procedure, as described above, to the problem of constructing a piecewise-rational adapted frame along a spatial PH curve r(ξ) that interpolates given orientation data at a sequence of prescribed nodal parameter values with C 1 and C 2 continuity -i.e., continuity of the angular velocity (Section 4.3) and continuity of both the angular velocity and the angular acceleration (Section 4.4). We begin by introducing a method to represent the orientation data that eliminates ambiguities in its interpretation.
Representation of orientation data
Let ξ 1 , ..., ξ N ∈ (0, 1) with ξ 0 = 0 and ξ N +1 = 1 be nodal parameter values at which adapted frame orientations are to be specified. This data consists of orthonormal frame instances of the form
where it is understood that f 1 (ξ k ) coincides with the curve tangent at r(ξ k ). The prescribed nodal frame orientations can be represented by phase angles θ k relative to the ERF, such that
However, the angles θ k must be considered indeterminate up to integer multiples of 2π, and this ambiguity can introduce undesired excess rotation of the normalplane frame vectors. We resolve this ambiguity as follows. At the initial point ξ 0 = 0, we use a prescribed phase angle θ 0 ∈ (−π, +π ] and for each subsequent curve segment k we specify an incremental frame twist
In view of the relation (7) between the tangential angular velocities of ERF and the frame (f 1 (ξ), f 2 (ξ), f 3 (ξ)), subsequent phase angles are nominally defined by
is the ERF twist along segment k. The cumulative ERF twist is defined by
and satisfies
Note that, for the spatial PH quintics, the integral (12) admits a closed-form reduction as described in [10] . Note that the formula (11) may produce θ k values outside the range (−π, π] and does not address the possibility that |∆θ k | > 2π. The desired frame is obtained by rotating the ERF using piecewise quadratic (or at most cubic) polynomials w(ξ) = a(ξ) + i b(ξ) and a single quadratic polynomial cannot incur a phase angle increment > 2π, since the winding angle of a parabola with respect to the origin cannot exceed 2π. Thus, if any segment [ ξ k−1 , ξ k ] has |∆θ k | > 2π, it should be subdivided by inserting an intermediate node.
To address these issues, we introduce the angular function
which equals the cumulative twist of the frame (f 1 (ξ), f 2 (ξ), f 3 (ξ)) plus the initial phase angle θ 0 . This function describes the phase angle relative to the RMF, starting from the initial orientation (e 1 (0), e 2 (0), e 3 (0)). If the orientation data for the frame (f 1 (ξ), f 2 (ξ), f 2 (ξ)) is specified by θ 0 and twist increments ∆T k ∈ (−π, +π ] for k = 1, ..., N + 1 the corresponding values of A(ξ k ) should be Table 1 : Nodal orientation data generated from the specified initial orientation θ 0 and the sequence of incremental twist values ∆T k in Example 3.
Thus interpolation of the given orientation data for the frame (f 1 (ξ), f 2 (ξ), f 2 (ξ)) can be interpreted as interpolation of the data (ξ k , A k ), k = 0, ..., N + 1 by the function A(ξ), and the phase angles are obtained from (13) and (15) as Converting these data into A k and θ k values as described above yields the results summarized in Table 1 . Note that some of the θ k values exceed π. These data are also illustrated graphically in Figure 4 (a). The dashed line is the graph of the cumulative ERF twist (12) , and the dots indicate the points (ξ k , A k ). The vertical lines indicate the phase angle values θ k , as defined by (16) . The nodal frame orientations defined by the given data are illustrated in Figure 4 (b) -the normal-plane vectors f 2 (ξ k ) and f 3 (ξ k ) are shown as green and red arrows, and small "fans" between them indicate the normal planes.
C 0 adapted spline frame
Based on the angular data representation described above, we begin by considering the simplest interpolant, namely, the C 0 rational spline frame. We construct a complex-valued piecewise-linear function w(ξ) = a(ξ) straightforward. However, most practical applications require adapted frames with higher continuity than C 0 . In the following Sections, we consider spline frames with C 1 and C 2 continuity.
C 1 adapted spline frame
We here present a procedure to construct a C 1 rational adapted spline frame. For this purpose, we construct a complex-valued piecewise-quadratic function
By arguments analogous to those in Section 3, the values
with γ k a free parameter, ensure matching of the orientation data θ k−1 and θ k . As in Section 3, we henceforth choose γ k = 1 for all k -this does not affect the nodal orientations or angular velocities, and ensures that w(ξ) is continuous. If the tangential component of the angular velocity at the node ξ k is Ω 1 (ξ k ), the coefficient w k,1 must be defined by
where ∆θ k = θ k − θ k−1 , and
Now the nodal angular velocities Ω 1 (ξ k ) are not specified a priori, but must be estimated from the given discrete orientation data. Recall that the function (14) defines the phase angle of the frame (f 1 (ξ), f 2 (ξ), f 3 (ξ)) relative to the RMF, and interpolates the values A k at the nodes ξ k . Since A (ξ) = Ω 1 (ξ)σ(ξ), we can estimate Ω 1 (ξ k ) as A (ξ k )/σ(ξ k ). Hence, since σ(ξ k ) is known, the problem is equivalent to estimating A (ξ k ) from the discrete data (ξ k , A k ). For sufficiently dense nodes, methods for numerical differentiation of unequally-spaced data [22] can furnish good estimates. However, we envisage that the method will also often be used with relatively sparse data, in which case a cubic spline that interpolates the points (ξ k , A k ) offers good estimates for the A (ξ k ) values.
The nodal derivatives d 0 , . . . , d N +1 of the C 2 cubic spline that interpolates the data points (ξ k , A k ) for k = 0, . . . , N + 1 are solutions [3] of the tridiagonal system of linear equations defined by
for k = 1, . . . , N augmented by two end conditions. Two commonly used forms are quadratic end spans, in which case equations (20) are augmented by
and the "not-a-knot" end conditions, in which case we use
Note that both end conditions are consistent the tridiagonal nature of the linear system. Tridiagonal linear systems admit very simple and efficient solutions [3] . Once the solution has been obtained, we assign
Finally the angular velocity estimate Ω 1 (ξ k ) is obtained from
which can be substituted into (19) to compute the middle coefficient (18).
Example 4.
We apply the C 1 spline frame procedure to the data prepared in Example 3. After solving the linear system defined by (20) and the chosen end conditions, which is the quadratic end spans in this example, the nodal angular velocity values Ω 1 (ξ k ) are obtained from (23) , and the ρ k values are computed from (19) . These values are listed in Table 2 . The next step is to construct the piecewise-quadratic function w(ξ) = a(ξ) + i b(ξ) with coefficients given by (17) k Table 2 : Angular velocity estimates obtained from the cubic spline interpolant.
and (18), whose real and imaginary parts are used to construct a piecewiserational frame by rotating the ERF through Equation (5). Figure 5 (a) shows the resulting frame together with the given orientation data, while Figure 5 (b) illustrates the variation of the phase angle A(ξ) relative to the RMF (which interpolates the A k data). Figure 5 (c) shows the tangential angular velocity component Ω 1 (ξ), which interpolates the data Ω 1 (ξ k ). Since the frame has only C 1 continuity, the angular accelerationΩ 1 (ξ), shown in Figure 5 (d), is discontinuous at the nodal points. 
C
2 adapted spline frame
The rational spline frame construction of the previous section yields only C 1 continuity -i.e., although the frame angular velocity is continuous, the angular acceleration is discontinuous at the nodal points (as seen in Figure 5(d) ). Such acceleration discontinuities are impossible in the motion of physical bodies, since they require an infinite torque. Continuity of angular acceleration is equivalent to C 2 continuity of the frame, i.e., differentiability of the angular velocity Ω.
The angular velocity Ω of the frame (f 1 , f 2 , f 3 ) has normal components that are identical to those of the angular velocity ω of the ERF, and the tangential component Ω 1 differs only by the addition of theθ term in (7) . Since this term is defined by the expression (8), C 2 continuity of the functions a(ξ), b(ξ) implies C 2 continuity of Ω 1 . Hence, to achieve a C 2 frame, we seek to construct the functions a(ξ) and b(ξ) as C 2 cubic splines. Note that C 2 continuity of w(ξ) = a(ξ) + i b(ξ) is a sufficient, though not necessary, condition for C 2 continuity of the frame. Since the phase angle θ(ξ) is defined in terms of a(ξ) and b(ξ) by (6) , θ(ξ) may have higher continuity than a(ξ) and b(ξ) if these functions have nodal discontinuities that "cancel out" in the rational function b(ξ)/a(ξ). In fact, this property was already used in the preceding section for construction of the C 1 rational spline frame. One may note in Figure 5 (e) that the piecewise-quadratic functions a(ξ) and b(ξ) are not C 1 at the nodes, although the frame constructed from them is C 1 . One may, in principle, try to use this phenomenon to achieve higher frame continuity with a piecewise-quadratic function w(ξ), but this incurs complicated non-linear relations among the coefficients of adjacent quadratic segments. We adopt here The method proposed in this article is applicable to various purposes. For example, one can use it to construct a rational approximation to the RMF, by setting all the frame twist increments T k to zero in the orientation data. This is illustrated by the following Example. Figure 7 (b). The phase angle θ k is the difference between A k and the cumulative twist of the ERF, which is shown as dashed line in Figure 7 (b). The C 2 rational spline frame computed from these orientation data is shown in Figure 7 (c). Finally, Figure 7 (d) compares the angular velocities of the original ERF and the spline frame. Whereas the ERF angular velocity shows a strong variation, indicated by the dashed line, the angular velocity of the constructed spline frame (the solid line) is almost zero.
Closure
The problem of constructing a rational adapted spline frame interpolating given orientations at specified parameter values along a pre-defined spatial PH curve has been addressed. Such frames are generated by applying the rational rotation (5), constructed from a pair or real polynomials or a single complex polynomial, to the normal-plane vectors of the Euler-Rodrigues frame (ERF). When frame orientations and tangential angular velocities are specified at the curve end points, a Hermite interpolation problem can be solved using a complex quadratic polynomial through an extension of the approach developed in [10] to construct minimal twist frames. This methodology can be further generalized to construct C 1 rational adapted spline frames interpolating a given sequence of orientation data, using tangential angular velocity estimates based on the spline function that interpolates the frame phase angles relative to the ERF. To obtain a C 2 rational adapted spline frame, a method based on a complex cubic spline function w(ξ) that interpolates the complex exponentials of the phase angles is employed. This ensures continuity of angular acceleration at the nodal points, an important consideration in specifying physical rigid body motions. 
